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Helical slow-wave structure of a travelling-wave tube
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Travelling-wave tube is also known as Kompfner tube



Slow-wave structures other than a single helix

J0000000C OQL

RING AND BAR STRUCTURE

BIFILAR CONTRA-WOUND HELICES

CLOVER-LEAF STRUCTURE

STAGGE RED-SLOT COUPLED - CAWITY
STRUCTURE

i

i

FOLDED-WAVEGUIDE STRUCTURE INTERDIGITAL STRUCTURE



Sketch of the travelling-wave tube from R. Kompfner’s note book
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N. E. Lindenblad’s travelling-wave tube amplification at 390 MHz over a 30 MHz band

(U. S. Patent 2,300,052, filed on May 4, 1940 issued on October 27, 1942)

Helix wound around the outside the glass envelope. Signal applied to the grid of
the electron gun (also applied to the helix in other experiments). Series of
permanent magnets (non-periodic). Pitch tapered for velocity re-synchronization



Sheath-helix model

In the sheath-helix model, the actual helix is replaced by a circular cylindrical sheath that
has

v Infinitesimal thickness
¥ Radius equal to the mean radius of the actual helix of a finite thickness

¥ Anisotropic conductivity: infinite conductivity and zero conductivity in directions
parallel and perpendicular to the helix winding direction, respectively

The sheath-helix model is valid for large number of turns per guide wave length

Vo P (phase velocity

c 2ma 'reduction factor)

P = helix pitch
a = sheath-helix radius

Ay = guide wavelength in the helix
vV, = fﬂg A = free-space wavelength
&
c=f4
A A A A A
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Valid region of the sheath-helix model



Wave equation and its solution

O°E,
* 10 18 & 5 5 VB, ~ o805 =0
2 2 2 _/Uogo—z (EZ’HZ) =0 2 &
or rar r206° 0z° ot 2 0°H,

<— 0/068 =0 (non-azimuthally varying mode)

<—— RF quantities vary as €XP J(a)t —,BZ)

0° 10
(@r2+r8rj(Ez’HZ)_('Bz_wzluogo)(Ez,Hz):O s C =1/ &,
pan 0’ e, =’ 1c* =k°

7/2=,6’2—a)2y050:,6'2—a)2/02:,Bz—kz

AN K=w,\ ue,=wlc

0° 10
(arﬁrar j(EZ,HZ)—)/Z(EZ,HZ)= O (wave equation) (non-azimuthally symmetric mode)
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2
(68 2+1§ j(Eszz)_Vz(Ez’Hz): O (wave equation) (non-azimuthally symmetric mode)
r ror

7 =p° K" s positive <— B>k < wlv,>wlc < v,<c

Field solutions involve modified Bessel functions (slow waves)

N

E, = Al,(r)+BK,() With the help of Maxwell’s
equations
H, =Cl,(y) + DK, (yr)
| .(X): zeroth order modified Bessel function
0
of the first kind

jo . o .
E,=— Ho [CI, () — DK, ()] Ko (X): tzheer)oégcc;rr?frkimngdlfled Bessel function of

1,(X): first order modified Bessel function of

[AL () — BK, ()] the first kind

Jog,

H, =
K,(x): first order modified Bessel function of

E = j—’B[All(yr) _ BKl(j/I’)] the second kind

’ 500=00) y—pr
H, =£[C|1(7r)— DK, ()] Ko(X) ==Ky (x)

/4




r and @ components of Maxwell’s curl equations

E, = Al, () + BK, (1)

exp | (ot — fiz) = exp( Jot - z)

H, =Cl,(1) + DK, (1) 0106 =0 %
’ ‘ RF quantities vary as
//\
10E, 8E9:—,u% (r-component) LoH, _oH, =& & (r-component)
ro0 &z (V x E) r o0 oz ot : I:i)
| | l o
JPE, =—JauH, 1AH, = JoeE,
OE, _OE, _ " oH, (6-component) OH, OoH, _ < 9By (6component)
oz or ot - 0z or ° ot I
l (VxE), (VxH),

— IPE —[Al (1) + BKy ()7 = — o H,

—1pH, —[Cl (1) + DK (n)]y = JawssE,

9



jﬂEH = _ja)/uoHr
1pH, = JosE,

= I, =[Al (1) + BK (1)]y == JaopH,
= 1AH, =[Cl (1) + DKo (1)]y = JooseE,

Haz(

E,=(-

15(r) = 1,0r)
Ko (1) =K, (o)

Jog,

l

, )AL () + BKy (7]

> (rewritten)

j‘;“O)[CIg(m + DK} ()]

|

E, =

Hez(

Jog,

Jou,

y )[All(ﬂ-) o BKl(Vr)]

, [C1, () — DK, ()]
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Similarly,

1501) = 1,0r)
Ka(r) =K, ()

jﬂEH = _ja)/uoHr
1pH, = JosE,

= I, =[Al (1) + BK (1)]y == JaopH,

= 1AH, =[Cl (1) + DKo (1)]y = JooseE,

l

e, =L A1 () + BK ()]
Y

N

H, =j7ﬂ[cu(m+ DK ()]

|

E, - j7ﬂ[All<7r) —BK, (1))

H, =j7ﬂ[cu(m— DK, ()]

> (rewritten)
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Thus, we obtained:

E, = Al, (1) + BK, ()
H, :Clo(?’r)"‘ DKO(W)

E, =121, () - DK, (1))
Y

Jowe,

7 [Al(#) - BK, ()]

H, =

E, - j7ﬂ[AI1(7r) —BK, (71)]

H, =j7'B[C|1(7f)— DK, (47)]

12



Free-space regi

Structure model

» Metal envelope

Free-space region

Sheath helix

n dielectric tubes
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Ez1:A1|0(7r)+BlKo(7/r) E22=A2|0(7/I‘)+BZKO(74’)

H,, =C.l,(3r) + DK, () H22=C2_I0(7r)+D2K0(7r)

Eez = 1ok, [Czll(ﬂ) - D2K1(7/r)]
Y

By = _M[Cﬂl(?’r) - D1K1(7/r)]
Y

: Jog,
Hyp, = [A1 () — B,K, ()]
o = Ja;g(’ [AL,(r) - BK,(1)] 2T, 20
' 1B
E.,=—[Al -B K
Erl :%[Aill(ﬂ)_BlKl(ﬂ/r)] r2 y [AZ 1(7r) 2 1(]/f)]
' 1B
H., =-—[C,I -D,K
Hrlz%[clh(}’r)_DlKl(}/r)] r2 y [ 2 1(]/f) 2 1(74-)]
E=E4, +E,d,+E,3,
¥
E, = E'é{// =Ea -a,+E,38,-8,+Ez3, -3,
¥

E, = (E,)(0)+ (E,)(cosw) + (E,)sin v)

E,=E,cosy +E,siny




Boundary conditions at the mean helix radius r = a

a>n X (EZ — El) =0— ér ><[(Erz _ Erl)ér + (EHZ — EHl)ée + (Ezz _ Ezl)éz] =0
¥

— R EZ — EZ
(EHZ_Eﬁl)az +(E21_E22)a9 =0 — 1 2

Eel — Eez

l <— can be interpreted as

Ezl = E2| Ezi = EzZ
E,=Eq E; =Ey,
N v
Ezl = EZZ
E, =Ep
Subscript i: Subscript 1: Subs_cript 2.
inside the helix thickness Inside the helix winding outside the helix
radius (0<r < a) winding radius (@2 < < o0)

15



Boundary conditions at the mean helix radius r = a

3 x(E,—E) =0 E=Ea4,+Ea +Ea +Ea
n 2 o

l

ar ><[(E//z B E//l)é:// + (EJ_Z B Eu)i + (Er2 o Erl)é:r] =0

’

Q|

n:ar

. _ E//1 = E//2
(E//2 - E//1)a¢ + (Eu - EJ_Z)a// =0 5 E —-F
11— Ep
v AN
E.=E, <— B =By Ey=E;
E//i = E//2 Eu = EJ_Z

E=E&,+E&d +E&d — l

E//1 — E//2 = (0 (infinite conductivity parallel to the winding direction)

|

E,cosy+E, siny=E,cosy+E,siny=0 <— E,=E,cosy+E, sin6z,u
1




é'>n><(|:i2_|:i1):‘j>s — arX[(HrZ_Hrl)é‘»r_'_(HQZ_Hé?l)ézé?_'_(HzZ_Hzl)az]:‘j»s
¥
(HHZ o Hel)é:z +(Hzl o sz)é:e — js — ‘Jszéz + Jseée
v _ ~ N
Hy, —Hy =g, J, = LtJdh H,—H,,=Jg
dh—0
J ~ J
H92_H6i:‘]szo ‘]SQZLt IH dh:'_@ Hzl_Hzi:‘]sa
H -H. =J. 2madh 27na
a o1 szi dh N O N HZi o HZZ — J890
X J., =Lt , dh = ., X
H92_H91:‘]szi+‘Jszo:‘]sz o 27adh - 27ma Hzl_szz‘Jsa+Jsao:‘]se
l dh—0 L
| S
Hyp—Hpy = =2 —H,=—L
62 g1 2728. Hzl H22 27Z'a

17



—

d, X (Hz - I:il) =J, — a x[(H,,-H,)a,+(H,-H_)a +(H,-H,)a]= js

¥
(H,,—-H,)a, +(H,-H)a,=J,a +J,3,
J ~ ) o
i =Hy =0 (no current perpendicular
A to the winding direction)
H,=H,,

H=H,& +H,3,+H,3,
H, = H -a,=H,a,-a,+H,8,-3,+H.,a,-a,
H,, =(H,)(0) +(H,)(cosy) +(H,)(sin y)

\ . H,=H,cosy+H,siny

H,cosy+H,siny=H,cosy+H,,siny

18



The following four boundary conditions at the mean helix radius = sheath-
helix radius r = a are used in deriving the dispersion relation of a helix
using the electromagnetic field analysis:

Ezl = EzZ
E, cosy +E,siny =0
E,,cosy +E,,siny =0

H,cosy+H,siny=H,cosy+H,,siny

19



Field expressions

E,=Al,(r)+BK,() Ko(0) = 00 E,, = Al (1) + BKy (o)
H, =Cl,()r) + DKy (1) l,(c0) — o0 H,, =C,lo (1) + DK, (1)
o B=0 | g, =-1%0c 1,1 - DK, 0N
E, =———[C,1,() - DK, ()] _0 02 y 2°1 2™
7 A, = |
'a)g D=0 H :Ja)go | _B.K
Hoy = 325 [A1 (1)~ BK, ()] c o o [A,1,06) — BK, ()]
E21=A1|0(7/r) EzzszKo(ﬂ)
H21=C1|0(7f) H22=D2K0(7/I‘)
' |
£, = %hc o) =320 DK ()
Y Y
' — |we
Hy = 10% Al (r) Hy, = 19% B,K,(»)
Y

A,C,,B,, DD, :four non-zero field constants

20



At the sheath-helix radius r = a:

E,,cosy+E,,siny =0
H, cosy+H,siny=H,cosy+E,=E,
E, cosy+E, siny =0

EZl B E22 \
¢

19 p,K,(7) cosy + B,K,(y)sin y =0

Jwe,

Al (ya)cosy +C.l,(ya)sin i +

%BzKl(m)COW— D,K,(ya)sin y =0

E,,=Al,(n)

Hzl — C1|0(7/f)
Eﬁl:_%clll(ﬂ)
Y
jo

“0 AL ()
/4

E,, = BzKo(W)
sz = D2K0(7’r)

|
E,, = % D,K,(5r)

H491:

— jwe
Hy, = °

B,K, ()

—%Clll(ya)cosw+ Al,(ya)siny =0

Al,(,2)E,, —-B,K,(ya) =0



. |
J 7/‘% b.K.(7a)cosy +B,K, Ga)siny =0 a, A +a,C +3,B, +a,D, =
ayA +a,C, +a,,B,+a,D,=0

|we :
10% A&|1(7/<:1)COSW+C1|O(7/a)SIn W+ — a, A +a,C +a,B,+a,,D,=0

' a, A +a,C, +a,.B,+a,D,=0
mBzKl(m)COSW_DzKoO@)Sinl//ZO " 427l TasTe a2
V where

— Ja;”o C,l,(;a)cosy + Al,(ja)siny =0 %1~ =0,a,, =0,a,;, =K, (ya)sin y,

_ Jou,
Aly(ra)E,, - B,K,(ya) =0 %, = Ki(ra)cosy
A1 = 2% l,(ya)cosy, a,, = 1,(a)sin
a23 = Ja)go Kl(ja) COSI//, a24 — _KO (7@-)8'” V4

- jo
a31 = IO(]/d)SM v, a32 — _% |1(}/d)COSw

a5, =0, a5, =0
a41_| (]ﬁ) a42_0 a43— K (7@) a422



A, @, Y3 ay
a'21 a22 a23 a24
a31 a32 a33 a34
a'41 a'42 a43 a'44

(condition for non-trivial
solution)

a, =0,a,=02a;=K,(a)siny,

Jou,

Ay, = K,(7a)cosy

a,, = Jo, l,(ya)cosy, a,, = 1,(ya)sin i
a,, = oz, K,(ya)cosy, a,, =—K,(ya)sin
a,, =l,(a)siny, a,, = _Jou, |, (ya) cosy

833 =0, a5, =0
a, =1,(a), 8, =0, 8, =-K,(sa), 8, =0

23



QD
N
=

b

dy, dg3 Ay

8, A3 Ay

/4

k coty _ ( 1,(2)K,(7a)
|, (7a)K, (ya)

;

2

(Dispersion relation of a helix in

free-space)

Vv
P

C

Otl//z(

l,Ga)K, (78)

L, (ra)K, (ya)

jll 2

I, (X) K, (X) + K, (x)1,(X) = %

2
)

C2

=,82—k2

/ 1
IO(ﬁ)Ki(ﬁ)"'Ko(?ﬁ)h(Vd):%
7/2 2,32 _0)2,“050: ,82 B
y =Bk
a
K=w ,Uogozg
_9
Vv

24



Equivalent Circuit Analysis of a Helix

25



The following four boundary conditions at the mean helix radius = sheath-
helix radius r = a are used in deriving the dispersion relation of a helix
using the equivalent circuit analysis:

EleEZZ
Em:Eez
IZ
Hez_Hm:%
|
H,—H,,=—"
z1 z2 2728.




Capacitance per unit length

'Allo(yd):BzKo(ﬁ) «— E,=E,

Joég, Jowég,

|
A1|1(7ﬁ)= e — H.92_H91:—Z

B,K,(ja) - ,

E NV A —— ) - B — gy A
“ o ot N Coot ot
l T~ %—Az‘z+yogo%=0 < V A+,uogoav =
2 2 (Lorentz condition recalled)
E,, = | LT ooy > o y
o — = Jw, — =—]f <« RFquantities vary
ot 0z as exp j(at - p)z
T o= K=y




ol oV

—a, C__ =0 (Telegrapher’s equation)
oz ot o . b _
- = a)’ - =
l ot . 0z 7
—jpl,.+ JaCV =0

C_ 2re,
l,(72)K, (78)

(Capacitance per unit length of a
transmission line equivalent of a helix)

Eza = Ailo(ﬂ)

4 |
— K za
A (ja)go)ya o(7fd)27Za
= 2
Eza: J7/
)54

1, (a)K,(a) + K, (7)1, (a) :%




Inductance per unit length L

10 1) I
O 0a) =% DK, (a)  Cly(a)-D,K,(a) = =2
4 4 27a
/ \ / \ Ie
E =E Hzl_H22:
01 02 271a

E,.cosy+E,_ siny =0

|
C. = aK. (ra) &
1 =7a 1(76)2

<—E,cosy+E_.sny=0 i
AERVTEIYEE g, g g

‘]sL:‘]s'aL:(Jseée—l_‘]széz)'é:L \l/

—

=J,a,-d4 +J,a,-d =-J,siny+J,cosy =0

Sz27Z

(no sheath-helix current perpendicular to the ja)ﬂo

winding direction)

Eaa - Clll(?/a)
Y

—l,siny +1,,cosy =0




oV n L% — (0 (Telegrapher’s equation) —

il -
o A S~ Ep=- S C.l,(»2)
O o, Z=jp e
ot , 0Z Eza :JL
S~ B
RF quantities vary B |
w as exp J(at— f)z C, = ﬂKl(ﬁ)ﬁ

-V +joll,, =0

l

=28 Ly ooty 1,0a)K, (a)
Ty

E, cosy+E, siny =0

—l,siny +1,_ cosy =0

1, (R)K, (72) + K, (7)1, (:a) =%




2re,

" 1,(a)K,(a)
NS
B’ =w’LC

l

kcoty :[Io(;a)Ko(za)j“z
y L, (ya)K,(7a)
(Dispersion relation of a helix

in free-space obtained by the
equivalent circuit analysis)

=28 Lyeotty1,Ga)K (o)
Ty

2

y :ﬁz_wzﬂogo:ﬂz_%:ﬂz_kz
y=yp" -k
K=a ﬂo‘go:%
(0,
ﬂ:
Vv

The electromagnetic field analysis and the equivalent circuit
analysis yield one and the same dispersion relation.
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Thank you!
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