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Engineering Electromagnetics Essentials

Chapter 7

Electromagnetic boundary conditions
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Objective

Topics dealt with

Background

Development of understanding of general electromagnetic boundary conditions 

and their interpretation for dielectric and conducting media forming the interfaces 

as well as for time-independent and time-dependent situations   

Derivation of general boundary conditions in vector form at the interface between 

two physical media

Surface charge density and surface current density and their interpretation in 

conducting and dielectric media

Boundary conditions at dielectric-dielectric and conductor-dielectric interfaces

Reflection of electromagnetic waves from a good conductor 

Reflection and refraction of electromagnetic waves at a dielectric-dielectric interface

Brewster’s phenomenon 

Total internal reflection 

Refraction of current at the conductor-conductor interface

Concepts of integral form of Maxwell’s equations and relaxation time 

developed in Chapter 5
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Field quantities, for both steady (time-independent) and time-varying (time-dependent) situations, 

will, in general, get modified when the medium is perturbed by the presence of another medium 

because of the abrupt change in the medium properties at the interface (common boundary) 

between the media. However, the field quantities would pass through a common set of 

electromagnetic boundary conditions at the interface or common boundary between the media. 

General electromagnetic 

boundary conditions

medium (1)

medium (2)

n
a


interface

1
D


2
D


P

A B

CD

dh

Area dS
ddSaDdSaD nn −+ ).(. 12



(recalled) =


 ddSaD
S

n



d ⎯ a parallelepiped volume element d in the form of a pill box of 

infinitesimal thickness dh and of infinitesimal area dS of each of its bottom 

and top faces, enclosing the point P where the boundary condition is sought

element  volume
element  volumeof  thicknessmalinfinitesi 

element  volumeof faces bottom and p        to
 ofeach on  area ofelement  

==
=

=

dhdSd
dh

dS



(Maxwell’s equation in integral form)

Applied to volume element d

interface on the Ppoint  at the        
 2region in nt displaceme electric 

interface on the Ppoint  at the        
 1region in nt displaceme electric 

2  to1region  from directedr unit vecto 

2

1

=

=

=

D

D

an






(how to be explained 

later)
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ddSaDdSaD nn −+ ).(. 12


(recalled)

 =


 ddSaD
S

n



It has been so obtained as mentioned before by 

applying Maxwell’s equation to the element of 

volume enclosure d. However, how it has been 

so obtained has not been explained. Let us 

deduce it.

(Maxwell’s equation in 

integral form)

Contribution to the left hand side by the area 

element dS on top face dSaD n


.2=

medium (1)

medium (2)

n
a


interface

1
D


2
D


P

A B

CD

dh

Area dS

Contribution to the left hand side by the area 

element dS on bottom face dSaDdSaD nn


.)).(( 22 −=−=

(outward unit vector at the bottom face being 

downward being opposite to that at the top face)

(taking the electric displacements 

to be constant over the area 

elements)   

(ignoring the contribution of area 

elements on the side faces of 

volume element considering such 

area elements to be insignificant 

taking negligible infinitesimal 

thickness dh of the volume element 

and hence prompting us to use the 

approximate sign of equality)   

We can remove the approximation 

from the sign of equality by taking 

dh tending to zero in the limit: 

dSdh
dh

Lt
dSaDdSaD nn 

0
).(. 12

→
=−+



dh
dh

Lt
aDD n 

0
).( 12

→
=−


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free magnetic charge being 

absent or magnetic flux lines 

being continuous 

dh
dh

Lt
aDD n 

0
).( 12

→
=−



dh
dh

Lt
s 

0→
=

Let us define the surface charge 

density s as

(C/m2) 

(since  is in C/m3 and dh is 

in m) 

snaDD =−


).( 12

This is one of four general 

electromagnetic boundary conditions. 

 =


 ddSaD
S

n


(Maxwell’s equation in integral form) snaDD =−


).( 12

We obtained starting from

0.)( 12 =− naBB


  ==
S S

n dSaBSdB 0


(Maxwell’s equation in integral form)

Similarly, following the same procedure as above, however now starting from another 

Maxwell’s equation, we obtain

This is another general 

electromagnetic boundary 

condition out of the four. 
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d
h

(1)

(2)

P Interface

1H

2H
an

n
dl

tangentiala

A

C

B

D

Let us next consider a rectangle element 

of infinitesimal length dl, infinitesimal 

thickness dh and area element ds = 

(dh)(dl) enclosing the point P on the 

interface between the medium 1 and 

medium 2 (where the boundary condition 

is sought) such that the bottom and top 

lengths of the rectangle lay in medium 1 

and medium 2 respectively. 

 
















+=

Sl

dSn
t

D
JldH






t

D
JJ




+=




total

 =
Sl

dSnJldH


.. total

interface  the toalr tangentiunit vecto 
element  area  the tonormalr unit vecto 

 2 medium  to1 medium from directedr unit vecto 

tangential =
=
=

a
dSn

an





n


  takeWe such that it takes its direction as the direction of the linear motion 
that a screw would have if it were rotated following along the sequence of 

the closed line integral from A to B; B to C; C to D; and then back to A from 

D in the left hand side of Maxwell’s equation:  

(so defined for the sake of convenience)

(Maxwell’s equation so chosen 

to be expressed)
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 =
Sl

dSnJldH


.. total

dSnJdlaHdlaH


.)(.. totaltangential2tangential1 −+

))(( dldhdS =

(recalled)

d
h

(1)

(2)

P Interface

1H

2H
an

n
dl

tangentiala

A

C

B

D

Applied to the left hand side 

following the sequence from A to 

B; B to C; C to D; and then back 

to A from D 

(ignoring the contribution of length elements on the side faces

of area element considering such length elements to be 

insignificant taking negligible infinitesimal thickness dh of the 

area element and hence prompting us to use the approximate 

sign of equality)   

dSnJdlaHH


.).( totaltangential21 −

dhnJaHH


.).( totaltangential21 − The unit vectors satisfy the relation of cross product:

tangentialanan


=

dhnJnaHH n


.).( total21 −

Subscripts 1 and 2 

refer to regions 1 and 

2 respectively.
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)()( BACCBA


=










=

=

−=

nC

aB

HHA

n






21

dhnJnaHH n


.).( total21 −

dhnJaHHn n


.)(. total21 −

dhJnaHHn n total21 .)(.


−

0])[(. total21 −− dhJaHHn n


say ,)( total21 dhJaHHG n


−−=

0. Gn


d
h

(1)

(2)

P Interface

1H

2H
an

n
dl

tangentiala

A

C

B

D

0coscos))(1( ==  GGGn


Gn


 and between  angle  theis 

0G

The orientation of the area element ABCD is arbitrary. That 

makes the value of  and hence that of cos arbitrary
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dhJaHHG n total21 )(


−−=

0)( total21 −− dhJaHH n



0G

dhJaHH n total21 )(


−
t

D
JJ




+=




total

dh
t

D
dhJaHH n




+−




)( 21

We can remove the approximation from the sign of 

equality by taking dh tending to zero in the limit (that 

ensures nil contribution to the evaluation in the 

surface integral of Maxwell’s equation): 

dh
t

D

dh

Lt
dhJ

dh

Lt
aHH n





→
+

→
=−




00
)( 21

)0()()( 21 +=− Sn JaHH
 dhJ

dh

Lt
JS



0→
= 0

0
=





→
dh
t

D

dh

Lt


The first term takes a 

finite value in the limit

0 with  as →→ dhJ


     finite is /

  hence and finite is  as

tD

D






The second term becomes 

nil in the limit 0→dh
Sn JaHH


=− )( 21



10

Sn JaHH


=− )( 21

This is yet another general electromagnetic boundary condition out of the four. 

dSa
t

B
ldE

S

n

l

 



−=






(Maxwell’s equation in integral form)







=

−=

naB

HHA



21

)()( ABABBA


−=−=

sn JHHa


=− )( 12

Appling to the left hand side 

following the sequence from A to 

B; B to C; C to D; and then back 

to A from D 

dhJ
dh

Lt
HHan


0

)( 12
→

=−

Let us recall the following:

(Maxwell’s equation in integral form)

Let us recall the following:

Sn JHHa


=− )( 12

Appling to the left hand side 

following the sequence from A to 

B; B to C; C to D; and then back 

to A from D 


















−

→
=− dh

t

B

dh

Lt
EEan




0
)( 12

0)( 12 =− EEan


 
















+=

S

n

l

dSa
t

D
JldH




Following 

the same 

approach, 

the right 

hand side 

becomes nil 

in the limit 

since

This is the fourth of four general electromagnetic boundary conditions. 

     finite. is

 /

  hence  and

  finite is  

 as 0

tB

B

dh



→




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snaDD =−


).( 12

dSa
t

B
ldE

S

n

l

 



−=






0).( 12 =− naBB


Sn JHHa


=− )( 12

0)( 12 =− EEan


 =


 ddSaD
S

n



  ==
S S

n dSaBSdB 0


 
















+=

S

n

l

dSa
t

D
JldH






Maxwell’s equation in 

integral form

Electromagnetic 

boundary condition
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snaDD =−


).( 12

0).( 12 =− naBB


Sn JHHa


=− )( 12

0)( 12 =− EEan


Electromagnetic 

boundary condition

At a point on the 

interface between 

two media

tangential component of 

electric field is continuous 

Meaning

tangential component of 

magnetic field is 

discontinuous, the amount of 

discontinuity being equal to 

the surface current density 

normal component of 

magnetic flux density is 

continuous

normal component of electric 

displacement is 

discontinuous, the amount of 

discontinuity being equal to 

the surface charge density 
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We can interpret general electromagnetic boundary conditions for dielectric-dielectric 

interface and conductor-dielectric/free-space interface. For this purpose, it is worth reviewing 

some of the basic behaviours of  conductor and dielectric media with regard to  relaxation 

time, existence of a free charge in the bulk of the media, surface resistance, surface current 

density, and electric field and magnetic in the media. 

Dielectric Conductor

Relaxation time of is very large Relaxation time is very small

A charge can stay longer inside 

the bulk of a dielectric without 

appearing at its surface and a 

finite volume charge density 

can be established inside the 

bulk resulting in a zero surface 

charge density at the surface of 

a dielectric for both time-

independent and time-

dependent situations.  

A charge inside the bulk of a good 

conductor decays very fast to 

appear with a large volume charge 

density concentrated over a thin 

layer on the surface of the 

conductor, resulting in a finite 

surface charge density on the 

conductor surface for both time-

independent and time-dependent

situations.  

Continued



14

Dielectric Conductor

In continuation

The electric field and the 

electric displacement can be 

established inside a dielectric 

for both time-independent and 

time-dependent situations.

The bulk of a conductor cannot be 

electrically charged, resulting in no 

electric field or electric 

displacement inside the conductor 

for both time-independent and 

time-dependent situations.

A finite magnetic field or 

magnetic flux density can be 

established inside a dielectric 

independently of electric field, 

for both time-independent and                

time-dependent situations. 

A finite magnetic field or magnetic 

flux density can be established 

inside a conductor independent of 

electric field for time-independent

situations. However, for time-

dependent situations, the magnetic 

field or magnetic flux density is nil 

inside a conductor since it is 

coupled to the electric field which 

is nil inside the conductor for such 

situations. 

Continued
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In continuation

Dielectric Conductor

No current flows through a 

dielectric and therefore the 

surface current density 

becomes zero at the dielectric 

surface for both time-

independent and time-

dependent situations.

A finite current can be made to flow 

through the bulk of a conductor for  

time-independent situations, 

resulting in zero surface current 

density. However, for time-

dependent situations a large 

current density can be 

concentrated over a thin layer on 

the conductor surface resulting in a 

finite surface current density.  

As mentioned earlier, the above behaviours of a dielectric and a conductor 

help in the interpretation of general electromagnetic boundary conditions for 

dielectric-dielectric interface and conductor-dielectric/free-space to be taken 

up next in our study, which is of practical relevance.   
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Electromagnetic 

boundary conditions at 

dielectric-dielectric interface

(2)

(1)

Interface
•

Z
X

Y

a an y=

Dielectric

Dielectric

(2)

(1)

Interface
•

Z
X

Y

a an y=

Dielectric

Conductor

),( 01  ==

02 ,  ==



















=
→

=→

0,0

0,0

0
0

0

2,12,1

2,12,1

BH

DE

dh
dh

Lt
s







(mentioned earlier in a Table under the 

behaviour of a dielectric)

0)(

)(

0).(

).(

12

12

12

12

=−

=−

=−

=−

EEa

JHHa

aBB

aDD

n

sn

n

Sn










0)(

0)(

0).(

0).(

12

12

12

12

=−

=−

=−

=−

EEa

HHa

aBB

aDD

n

n

n

n









(general electromagnetic 

boundary conditions)
(electromagnetic boundary 

conditions at dielectric-

dielectric interface)

Subscripts 1 and 

2 refer to 

quantities in 

region1 and 2 

respectively
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Let us illustrate the application of the boundary conditions at a dielectric-dielectric 

interface by taking up the problem of finding the electric displacements in region 1 (x>0) 

containing a dielectric of relative permittivity r1 = 3 and region 2 (x<0) containing another 

dielectric of relative r2 = 5, the two regions  forming an interface at x = 0 if the electric field 

in region 2 is given as:  

(given) 

0]].[)()()[( 121212 =−−+−+− xzzzyyyxxx aaDDaDDaDD


xn aa


−=

0)( 12 =−− xx DD

V/m)486040(5

5

0

20220222

zyx

r

aaa

EEED




−+=

===





V/m.8060402 zyx aaaE


−+=

Let us recall the boundary condition 

(recalled)

(recalled)

2

02 C/m)400300200( zyx aaaD


−+=

2

02 C/m)400300200( zyx aaaD


−+=

0).( 12 =− naDD


V/m.8060402 zyx aaaE


−+=

2

021 C/m200== xx DD

(1)

(2)

xn aa


−=

Dielectric

Dielectric

Interface

( )31 =r

( )52 =r

0x

0x

X
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(given)V/m.8060402 zyx aaaE


−+=

(boundary condition recalled)0)( 12 =− EEan


0)])()()[( 121212 =−+−+−− zzzyyyxxxx aEEaEEaEEa


0)()( 1212 =−+−− yzzzyy aEEaEE


zzyy EEEE 2121 and ==

V/m80andV/m60 22 −== zy EE
V/m80andV/m60 11 −== zy EE

2

0010110111 C/m180)60)(3)(()3)((  ===== yyryy EEED

V/m801 −=zE
2

0010110111 C/m240)80)(3)(()3)((  −=−==== zzrzz EEED

01111 )zzyyxx aDaDaDD


−+= 2

021 C/m200== xx DD (recalled)

(recalled)

2

01 C/m180=yD (recalled)

2

01 C/m)240180200( zyx aaaD


−+= 2

02 C/m)400300200( zyx aaaD


−+=

(recalled)
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Take up another similar problem as an exercise to illustrate the application of boundary 

conditions at a dielectric-dielectric interface in which to find the electric field in region 

2 (y>0) containing a dielectric of relative permittivity r2  separated at the interface (y = 0) 

from region 1 (y<0) containing another dielectric of relative permittivity r1 if the 

electric field in region 1 is given as:   .1 zyx anamalE


−+=

The approach to getting the solution to the problem has already been elaborated in the 

preceding illustration. Some of the steps are provided as a hint as follows.  

zyx anamalE


−+=1
(electric field in region 1) 

(given)
)(10111 zyxr anamalED


++== 









=

=

=

nD

mD

lD

rz

ry

rx

101

101

101





 (boundary condition)0).( 12 =− naDD


yn aa


=

0)]([ 111222 =++−++ yzzyyxxzzyyxx aaDaDaDaDaDaD


, 









=

=

=

0

1

0

yz

yy

yx

aa

aa

aa







012 =− yy DD

mEEDD ryryyy 101101112  ====

zyx anamalE


−+=1

mE y =1

(given)
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mD ry 102 = (recalled)

0)( 12 =− EEan








−+=

=

zyx

yn

anamalE

aa





1

0)]()[( 222 =++−++ zyxzzyyxxy anamalaEaEaEa


zyx anamalE


−+=1

, 









=

=

−=

xzy

yy

zxy

aaa

aa

aaa







0

0)()( 22 =−+−− xzzx anEalE






=−

=−

0

0

2

2

nE

lE
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

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=

nE

lE
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x
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2

2
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2

2

2

2

r

r

r

yy

y

mDD
E






===

zy

r

r
xzzyyxx anamalaEaEaEE


++=++=

1

1
2222




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In the next illustration, take a medium divided in region 1 of relative permeability 60 

(iron) and region 2 (free space) across the interface (z = 0) and hence find the magnetic 

flux density in region 2 if the magnetic flux in region 1 is T. 126 yx aa


+








++=

+=

zzyyxx

yx

aBaBaBB

aaB





2222

1 (given) T 126

0).( 12 =− naBB


0)].126()[( 222 =+−++ zyxzzyyxx aaaaBaBaB


02 =zB

0
126

12

222
=







 +
−

++




yxzzyyxx

z

aaaBaBaB
a




Subscripts 1 and 2 refer to quantities in region1 and 2 respectively

0)( 12 =− HHan
 





=

=

222

111

HB

HB
















0 :2Region 

0 :1Region 

y

y
zn aa


=

(boundary 

condition)

(boundary condition)

zn aa


=

0
126

12

2

12

2 =







−−








− x

y

y
x a

B
a

B 


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T 2.11.02 yx aaB


+=

0
126

12

2

12

2 =







−−








− x

y

y
x a

B
a

B 

















=

=

=

(recalled)  0

12

6

2

1

2
2

1

2
2

z

y

x

B

B

B









zzyyxx aBaBaBB


2222 ++=

yx aaB


1

2

1

2
2 126








+=





==

==

0202

0101 60





r

r





=

=

space) (free  1

(iron)  60

2

1

r

r




(given)
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Electromagnetic 

boundary conditions at 

conductor-dielectric interface

(2)

(1)

Interface
•

Z
X

Y

a an y=

Dielectric

Dielectric

(2)

(1)

Interface
•

Z
X

Y

a an y=

Dielectric

Conductor

02 ,  ==













==



==

→
=

)situationsdependent -(for time 0

)situationst independen-(for time  0,0

0,0

0

11

11

11

BH

BH

DE

dhJ
dh

Lt
J S







(mentioned earlier in a Table under the 

behaviour of a conductor)

0)(

)(

0).(

).(

12

12

12

12

=−

=−

=−

=−

EEa

JHHa

aBB

aDD

n

sn

n

Sn










(general electromagnetic 

boundary conditions)

00 ,  ==

0

0)(

0).(

.

2

12

12

2

=

=−

=−

=

Ea

HHa

aBB

aD

n

n

n

Sn










0

0.

.

2

2

2

2

=

=

=

=

Ea

JHa

aB

aD

n

sn

n

Sn










(electromagnetic boundary conditions 

for time-independent situations)
(electromagnetic boundary conditions 

for time-dependent situations)
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In order to illustrate electromagnetic boundary condition at conductor-dielectric 

interface, let us take up the problem of finding the surface charge density developed 

on the surface of a good conductor placed in free space where the electric field is 

given as:  V/m.34 zx aa


−

(boundary condition) (recalled)
naEE


22 = 02 =Ean


naED


202 =

snaD =


2

snn aaE  =


20

(remembering the nomenclature that the subscript 2 

refers to region 2, here free-space region)

20Es  =

V/m342 zx aaE


−=

V/m52591634 22

2 ==+=+=E

(given)

2

0 C/m5 =s

(electromagnetic boundary condition recalled)

na


2E
 202 ED


=

(2)

(free space)

(1)

(conductor)

V/m342 zx aaEE


−==
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In another illustration let us find the surface charge density developed on the surface of a 

conducting plate of a parallel-plate capacitor in terms of the potential difference between 

the plates and hence derive an expression for the capacitance of the capacitor in terms of 

the dimensions and  permittivity of the dielectric filling the region between the plates of the 

capacitor.  

The problem enjoys rectangular symmetry, and for large plates perpendicular to z, we may treat the 

problem as one-dimensional considering the potential to vary only along z:

za
d

V
E


0=

Let the plates be located at z = 0 and z = d respectively and let the potential of the plate at z = 0 be 

raised to potential V = V0  with respect to the potential V = 0 of the other plate at z = d.  

za
d

V
D


0=

szn aDaD ==


d

V
aa

d

V
aD zzzs

00 
 ===



).0/;0//( == zyx

(electric field in the region between the plates)

(electric displacement in the region between the plates)

snaD =


2 (electromagnetic boundary condition recalled)

(charge density on the plate)

(d = distance between plates)
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d

V
s

0
 =

d

A

V

A
d

V

V

A

V
C s 




====
0

0

00

plate  theon Charge

(charge density on the plate)A
d

V
As

0 plate  theon Charge


 ==

A= plate  theofArea 

(recalled)

(expression for the capacitance of a parallel-plate capacitor)

We can appreciate from the above expression for capacitance that the practical unit of permittivity  is 

F/m since the units of capacitance C, area A and distance d between plates are F, m2 and m 

respectively.

In an illustration similar to the above on finding the capacitance of a parallel-plate 

capacitor, let us now find the surface charge density developed on the conducting surface 

of a long cylindrical capacitor comprising two coaxial long conducting cylinders in terms 

of the potential difference between the conducting cylinders and hence derive an 

expression for the capacitance per unit length of the capacitor in terms of the inner and 

outer radii of the capacitor and the permittivity of the dielectric filling the region between 

the conducting cylinders of the capacitor. The problem is similar to finding the capacitance 

per unit length of a coaxial cable. 

The problem enjoys cylindrical symmetry, and for long coaxial conductors we may treat the 

problem as one-dimensional, considering the potential to vary only along r: 

0/;0// == rz
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0)(
12 =








=

r

V
r

rr
V (Laplace’s equation holding good in the region between the 

inner and outer conductors) 

0=








dr

dV
r

dr

d

0/;0// of view In == rz

0=

















r

V
r

r

Integrating

1C
dr

dV
r =

r

C

dr

dV 1=

Integrating

21 ln CrCV +=arVV == at  0

(potential at inner conductor)

210 ln CaCV +=

C1 and C2 are integration constants

brV == at   0

21 ln0 CbC +=

On solving















−=

=

b

b

a

V
C

b

a

V
C

ln

ln

ln

0
2

0
1

0

ln

ln
V

b

a
b

r

V =
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0

ln

ln
V

b

a
b

r

V =rr a
dr

dV
a

r

V
VE


−=




−=−=

ra
r

a

b

V
E

 1

ln

0=
ra

r

a

b

V
ED

 1

ln

0 ==

(recalled)

ra
a

a

b

V
D

 1

ln

0= (electric displacement at the surface of 

the inner conductor r = a)

a

a

b

V
aa

a

a

b

V
aDaD rrrns

1

ln

1

ln

00  ====


a

b

l
al

a

a

b
al

V

a

a

b

V

V

A
C s

ln

2
2

1

ln

1
2

1

ln

0

0

0







====

al
a

a

b

V
A

a

a

b

V
Al s  2

1

ln

1

ln

conductor inner   theof  length over the Charge 00 ===

conductor inner   theof                  

  length over theArea  2 lalA == 

(Capacitance over the length l)

Capacitance per unit length

a

b
ln

2
=
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In yet another illustration let us calculate the peak surface current density developed at the 

surface of a conducting medium forming an interface with a dielectric medium of relative 

permittivity 4 if the electric field in the dielectric medium at the conducting surface is given by 

V/m.sinsin60 xatzE


=

t

H
E




−=




0 (Maxwell’s equation recalled)

)(

00

0000 z
z

y

y

x
x

z
z

y

y

x
x

x

zyx

a
t

H
a

t

H
a

t

H
a

t

E
a

t

E
a

t

E

E

zyx

aaa








+




+




−=




−




−




−=














y-component

t

H

z

E yx




−=




0
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t

H

z

E yx




−=




0

(given)

V/m.sinsin60 xatzE


=tzEx  sinsin60=

0

sincos60



 tz

t

H y
−=











0

coscos60 tz
H y =

===

===

 60)120(
2

1

2

1

4

0

0

0

0

0

0

0

00






















r








=

=

−

−

metre/Farad10
36

1
eHenry/metr104

9
0

7
0






(given)  4=r

tz
tz

H y 



coscos

60

coscos60
==

Integrating

constant 
coscos60

)(sin
sincos60

0

0

+
−

−=

−= 














tz

dtt
tz

H y

Choosing the boundary phase such that 

Hy = 0 at t = /2 that makes constant = 0
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Z

zn aa


−=

4dielectric =r

conductor

(recalled) coscos tzHy =

Sn JHa


= 2

Syyz JaHa


=−

xyz aaa


−=

xyS aHJ


=

(boundary condition)

xS atzJ


 coscos=

(surface current density at conductor-dielectric interface at z = 0)

(recalled)

xS atJ


cos=

xS aJ


= 2A/m1magnitudedensity current  surfacePeak =

tzHy  coscos=

0=z
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General electromagnetic boundary conditions

For both time-dependent and time-

independent situations

Conductor (1)-dielectric (2) interface

For time-independent 

situations

For time-dependent 

situations

0)(

)(

0).(

).(

12

12

12

12

=−

=−

=−

=−

EEa

JHHa

aBB

aDD

n

sn

n

Sn








 dh

dh

Lt
s 

0→
=

dhJ
dh

Lt
JS



0→
=

0)(

0)(

0).(

0).(

12

12

12
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=−

=−

=−

=−

EEa

HHa

aBB

aDD

n

n

n

n









0

0)(

0).(

.

2

12

12

2

=

=−

=−

=

Ea

HHa

aBB

aD

n

n

n

Sn










0

0.

.

2

2

2

2

=

=

=

=

Ea

JHa

aB

aD

n

sn

n

Sn










Dielectric (1)-dielectric (2) interface
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Reflection from a good conductor

Let a uniform plane electromagnetic wave (/ x = /y=0) 

propagating in free space along  positive z direction be incident on a conducting surface and 

reflected from the surface in the negative z direction. Field quantities in incident wave will vary 

as exp j(t−z) and those in reflected wave as exp j(t+z).

 wave)backward reflected(for  

 wave)forwardincident (for  

0

0





−=

=

y

x

y

x

H

E

H

E

(as explained in Chapter 6)

•

Z

X
Y

0 0E E ai x=0 0E E ar x= −

Free space

Conducting 

medium

impedance intrinsic space-free  
0

0
0 ==





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000 =+ ri EE


000 =+ xrxi aEaE


xii aEE


00 =

xrr aEE


00 =

xixr aEaE


00 −=

Tangential component of electric 

field is continuous at the interface 

(boundary condition)  

Subscript 0 represents the amplitude. 

Subscripts i and r refer to incident and 

reflected components. 

xixi
z

aztjEaztjEE


)(exp)(exp 00  +−−=













=

=

xrr

xii

aEE

aEE




00

00

(say) 00 EE i =

x
z

aztjztjEE


)](exp)([exp0  +−−=

•

Z

X
Y

0 0E E ai x=0 0E E ar x= −

Free space

Conducting 

medium

[electric field in free space at z (perpendicular distance from 

the interface z = 0)]

zjz

zj





sincos

)exp(

=



x
z

atjzjEE


)exp(sin2 0 −=

xrxi
z

aztjEaztjEE


)(exp)(exp 00  ++−=

(recalled)
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[magnetic field in free space at z (perpendicular distance 

from the interface z = 0)]

)(exp)(exp 00 ztjHztjHH ri
z

 ++−=


yri

yryi
z

aztjHztjH

ztjaHztjaHH





)](exp)(exp[

)(exp)(exp

00

00





++−=

++−=

Similarly,















=

=

yrr

yii

aHH

aHH





00

00

zjz

zj





sincos

)exp(

=



 wave)backward reflected(for  

 wave)forwardincident (for  

0

0





−=

=

y

x

y

x

H

E

H

E

y
z

atjzz
E

H





)]exp()[exp(
0

0 +−=

xixr aEaE


00 −=

000 EEE ir −=−=

(recalled)

])exp(cos
2

0

0
y

z
atjz

E
H





=

(magnetic field directions along positive y conforming to 

incident and reflected waves propagating in positive and 

negative z directions respectively) (see Chapter 6)



x
z

atjzjEE


)exp(sin2 0 −=

[electric field in free space at z (perpendicular distance from the interface z = 0)]

])exp(cos
2

0

0
y

z
atjz

E
H





=

[magnetic field in free space at z (perpendicular distance from the interface z = 0)]

jjjj −=−=−=− )1)((0)2/sin()2/cos()2/exp( 

x
z

ajtjzEE


)2/(expsin2 0  −= ])exp(cos
2

0

0
y

z
atjz

E
H





=

Electric field at z lags behind magnetic field in phase by /2

Absence of the factor exp j(t−z) or exp j(t+z) in electric and magnetic fields at z 

indicates absence of forward or backward wave and presence of standing wave 

when incident and reflected waves combine at z.   

Presence of the factor sinz in electric field amplitude and that of cosz in magnetic 

field amplitude also indicate that the maxima of electric field coincide with the minima 

of magnetic field in the standing-wave pattern and vice versa.  
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Parallel polarisation:

Reflection and refraction at 

dielectric-dielectric interface

Dielectric-Dielectric 

Interface

••Hi

Ei

11

1 1

2

( )1

( )2

• 2

Er

Et

Hr

Ht

Tangential electric and 

magnetic field components 

both are continuous at 

dielectric-dielectric 

interface (boundary 

condition.

211 coscoscos  tri EEE =−
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solving
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E
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(reflection coefficient for parallel polarisation)

(transmission coefficient for parallel polarisation)
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
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,1 11 

1 2

1 2

 

 
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⊥

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

//


⊥


Electric field is parallel to the plane of incidence (that contains 

incident ray and normal to the medium interface) while magnetic 

field is perpendicular to this plane

Negative sign in the definition of 

reflection coefficient accounts for the 

opposite directions of incident and 

reflected electric field components. 
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(Snell’s law)

(Brewster’s angle)

Brewster’s law:  Condition for // = 0

0
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  coscos 1221  =

2211 sinsin  =

On multiplication with
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(Snell’s law)

1

2

2

1

sin

sin








=

1

2

1

1

)
2

sin(

sin









=

−

1

2

1

1

cos

sin








=

1

2
1tan




 =

1

21

1 tan



 −== B

Angle of incidence corresponding 

to nil refection coefficient for 

parallel polarisation )0( // =
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Calculate Brewster’s angle for glass of refractive index of 1.5. 
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ph,2

2

ph,1

1

v

c
n

v

c
n

(refractive indices 

of media 1 and 2)

(phase velocities of 

media 1 and 2)

(Brewster’s angle)

(recalled)

1

21tan
n

n
B

−= space) (free 1 (given); 5.1 12 == nn

Incidence from free-space medium 

to glass

01 3.565.1tan == −

B
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Perpendicular polarization:

Dielectric-Dielectric 

Interface

••

Hi

Ei

11
1

1

2

( )1

( )2
•

Er

Hr

Ht

Et

Electric field is perpendicular to the plane of incidence 

(that contains incident ray and normal to the medium 

interface) while magnetic field is parallel to this plane.
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Tangential electric and 

magnetic field components 

both are continuous at 

dielectric-dielectric 

interface (boundary 

condition.
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E

E
T

(reflection coefficient for 

perpendicular polarisation)

(transmission coefficient for 

perpendicular polarisation)

Positive sign in the definition of 

reflection coefficient accounts for the 

same directions of incident and 

reflected electric field components 

unlike in parallel polarisation. 
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Total internal reflection:

(Snell’s law)

(critical angle)

Irrespective of whether the polarisation of an electromagnetic wave is parallel or 

perpendicular, the wave incident from a denser medium to a rarer medium 

undergoes reflection at the interface between these two media with a magnitude 

of the reflection coefficient equal to unity when the angle of incidence is greater 

than a value called the ‘critical angle’.  The phenomenon is called  total internal 

reflection.

2211 sinsin  = 22111 )2/sin(sinsin  === c

2/2  =

1

2
1 sinsin




 == c

1

21sin



 −=c

Let us next study the behaviour of the reflection coefficient 

for angle of incidence greater than the critical angle. 

1 1

2

Denser medium

Rarer medium 
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2 sin1cos 




 −=

2211 sinsin  =
2

2

2 sin1cos  −=

(Snell’s law)

1

2

1
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


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(Critical angle)
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
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1
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2
sin

sin
1
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For angle of incidence 1 greater than 

the critical angle c , sin 1 > sin c .

 for imaginary  becomes cos 12 c 
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Thus, there is total internal reflection for rays incident from the rarer to denser medium, irrespective of 

whether the  polarisation is parallel  or perpendicular. 

 for imaginary 

 becomes cos

1

2

c




1221
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//
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=

(reflection coefficient for parallel 

polarisation)

 real is   wherecos 12 AA =
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(recalled)
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Refraction of current at 

conductor-conductor interface

2

2
2

1

1
1

222111





J
E

J
E

EJEJ

==

==

Let us begin the study with the appreciation of the circuit law of parallel resistances with the 

help of the boundary condition that the tangential component of electric field is continuous 

at the interface between two media.    

( )1

( )2

1I Area 

2I

II

1A

Area 2A

l

For this purpose, the said boundary condition is applied at the interface between two 

rectangular conducting slabs in contact of the same length l, conductivities 1 and 2 and 

cross-sectional areas A1 and A2 respectively. 

Current densities J1 and J2 are related to electric 

fields E1 and E2 in the slabs through Ohm’s law while 

the current I fed into the slabs in contact is divided in 

currents I1 and I2 through the slabs.   



45

Multiplying by l

2211 RIRI =

( )1

( )2

1I Area 

2I

II

1A

Area 2A

l

E1 and E2, which are tangential at the interface, are continuous at the interface:
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2211 RIRI =
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=
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=

(Law of parallel resistances)

Multiplying 
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Let us now consider dc current passing through two 

conductors of different conductivities 1 and 2 and 

see how the current refracts through the conductors 

with a definite relation between the angles of 

incidence and refraction 1 and 2 respectively in 

terms of the conductivities 1 and 2 .

(under dc conditions)

Apply to a pill-box 

(rectangular) volume 

element of 

infinitesimal thickness 

at the interface

0. =
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ndSaJ
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222111
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nn

=

=

=
Subscript n refers to 

the normal component

Ignoring side contribution to the surface integral in view of 

infinitesimal thickness of the volume element 
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By division
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2,1

0 

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= (relaxation time)

(surface charge density 

developed at the interface)
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(refraction of dc current 

through conductors)
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Summarising Notes

 Electric and magnetic field quantities get modified due to an abrupt change of 

the medium properties at the interface between two media such that these 

quantities satisfy a set of electromagnetic boundary conditions at a point on the 

interface between the media.

 General electromagnetic boundary conditions at a point on the interface 

between two media have been deduced in vector form with the help of Maxwell’s 

equations in integral form in terms of the field quantities and a unit vector 

directed from one medium to another.  

 Surface charge density is defined as the product of the volume charge density 

and the infinitesimal thickness over which the charge is spread at the interface, 

in the limit of the infinitesimal thickness tending to zero. This definition emerges 

in course of the deduction of general electromagnetic boundary conditions. 

 Surface current density is defined as the product of the current density and the 

infinitesimal thickness at the interface over which the current density is 

significant, in the limit of the infinitesimal thickness tending to zero. This definition 

emerges in course of the deduction of general electromagnetic boundary 

conditions. 
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 General boundary conditions can be interpreted for dielectric-dielectric and 

conductor-dielectric interfaces on the following findings. 

 Relaxation time of a dielectric being quite large, the electric charge can 

stay longer inside the bulk of a dielectric and the bulk of a dielectric can be 

electrically charged with a finite volume charge density that makes the surface 

charge density nil at the dielectric surface which can be appreciated from the 

definition of surface charge density. The finding is valid for both time-

independent and time-dependent situations. 

 Relaxation time of a good conductor being quite small, the charge 

inside the bulk of a good conductor decays very fast to appear with quite a 

large volume charge density at the conductor surface to get concentrated over 

a layer of infinitesimal thickness, which in turn renders a finite value of surface 

charge density according to its definition. The finding is valid for both time-

independent and time-dependent situations. 

 Electric field or electric displacement is absent in a good conductor 

since the bulk of the conductor cannot be electrically charged. The finding is 

valid for both time-independent and time-dependent situations. 

 Finite magnetic field or magnetic flux density can be established inside 

a dielectric independently of electric field, for both time-independent and time-

dependent situations.
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 Magnetic field and the magnetic flux density each become zero 

inside a conductor for time-dependent situations since for such situations the 

magnetic field is coupled to the electric field which is absent in a conductor. 

 Finite magnetic field or magnetic flux density can be established 

independently of an electric field in a conductor for time-independent 

situations. 

 Surface current density at a dielectric surface is nil since a dielectric 

supposedly perfect does not conduct current. The finding is valid for both 

time-independent and time-dependent situations.

 Surface current density at a conductor surface is nil for time-

independent situations according to the definition of surface density, since a 

finite current can be made to flow through the bulk of the conductor for such 

situations. 

 Finite surface current density according to its definition can be 

established at the surface of a good conductor for time-dependent situations 

since quite a large current density can be concentrated over a layer of 

infinitesimal thickness at the surface of the conductor. 

 Understanding of the phenomenon of formation of a standing wave when a 

uniform plane electromagnetic wave is incident from the free-space region 

on the surface of a conducting medium has been developed with the help of 

the relevant electromagnetic boundary condition.
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 Reflection and refraction of electromagnetic waves at a dielectric-dielectric 

interface have been studied with the help of the relevant electromagnetic 

boundary conditions for parallel and perpendicular polarisations.

 Brewster’s phenomenon for parallel polarisation can be understood with the 

help of the relevant electromagnetic boundary conditions.

 Brewster’s angle of incidence that corresponds to no reflection at a dielectric-

dielectric interface has been deduced for parallel polarisation.

Total internal reflection at a dielectric-dielectric interface for the angle of 

incidence greater than the critical angle has been understood for both parallel 

and perpendicular polarisations.

 Circuit law of parallel resistances can be appreciated from the electromagnetic 

boundary condition that the tangential component of electric field is continuous at 

the interface between two media.    

 Boundary conditions at the interface between two conducting media yield the 

law of refraction of current for time-independent situations. 

Readers are encouraged to go through Chapter 7 

of the book for more topics and more worked-out 

examples and review questions. 


